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Abstract. The authors establish a pointwise characterization of Besov and Triebel-
Lizorkin spaces on spaces of homogeneous type via clarifying the relation between Hajtasz—
Sobolev spaces, Hajlasz—Besov and Hajtasz—Triebel-Lizorkin spaces, grand Besov and
Triebel-Lizorkin spaces, and Besov and Triebel-Lizorkin spaces. A major novelty of this
article is that all results presented get rid of both the dependence on the reverse doubling
condition of the measure and the metric condition of the quasi-metric under consideration.
Moreover, the pointwise characterization of the inhomogeneous version is new even when
the underlying space is an RD-space.

1. Introduction. It is well known that Besov and Triebel-Lizorkin
spaces provide a unified frame for the study of many function spaces and
indeed cover many well-known classical concrete function spaces such as
Lebesgue spaces, Sobolev spaces, potential spaces, (local) Hardy spaces, and
the space of functions with bounded mean oscillation. We refer the reader
to the monographs [5,/44145}46,/47] for a comprehensive treatment of these
function spaces and their history. We also refer the reader to [61] for rela-
tions among Morrey spaces, Campanato spaces, and Besov—Triebel-Lizorkin
spaces, to |3,40] for some new progress of Besov and Triebel-Lizorkin spaces,
and to [64[7,[8|9] for various characterizations and applications of Besov and
Triebel-Lizorkin spaces associated with operators.

In particular, fractional Sobolev spaces play an important major role in
many questions involving partial differential equations on R™. It is known
that a theory of first order Sobolev spaces on doubling metric spaces has
been established based on both upper gradients |31,/41] and pointwise in-
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equalities |14]; see [15,|16] for a survey on this. These different approaches
result in the same function class if the underlying space supports a suitable
Poincaré inequality [35]. In the present article, we further investigate the
spaces introduced by Hajlasz [14] (see also [55| and Definition below),
which are defined via pointwise inequalities.

On the other hand, as a generalization of R"™, spaces of homogeneous
type were introduced by Coifman and Weiss |10} 11| (see Definition
below), which provides a natural setting for the study of function spaces
and the boundedness of Calderén—Zygmund operators. We refer the reader
to 42,43.|50,51] for some very recent progress on function spaces on spaces
of homogeneous type. Function spaces and their applications on spaces of
homogeneous type, with some additional assumptions, have been extensively
investigated in many articles. For instance, the Ahlfors d-reqular space is a
space of homogeneous type satisfying the following condition: there exists a
positive constant C' such that, for any ball B(z,r) C X with center z and
radius r € (0, diam X'),

c 1yt < w(B(z,r)) < Crd;

here and hereafter, diam X' := sup, ,cy d(7,y). Another case is the RD-
space (see [19,20,34] for instance), which is a doubling metric measure space
satisfying the following additional reverse doubling condition: there exist
positive constants C,,y € (0,1] and x € (0,w] such that, for any ball B(x,r)
with r € (0,diam X' /2) and X € [1,diam X /(2r)),
C(“)/\RLL(B(I‘,T)) < w(B(x, Ar)).

Obviously, an RD-space is a generalization of an Ahlfors d-regular space.
We refer the reader to [60] for more equivalent characterizations of RD-
spaces.

Besov and Triebel-Lizorkin spaces on spaces of homogeneous type satis-
fying some additional assumptions were also studied. We refer the reader
to [21} 22} 56, |58, 59| for various characterizations of Besov and Triebel-
Lizorkin spaces on Ahlfors d-regular spaces, and to [52,/53}54,57] for some
applications. We also refer the reader to [20},38,60] for various characteriza-
tions of Besov and Triebel-Lizorkin spaces on RD-spaces. Moreover, Koskela
et al. [36,37] introduced Hajlasz—Besov and Hajlasz—Triebel-Lizorkin spaces
on RD-spaces. We refer the reader to [12}27,128,129,130] for various charac-
terizations and applications of Hajtasz—Besov and Hajtasz—Triebel-Lizorkin
spaces on a metric measure space satisfying the doubling property.

Recently, using the wavelet reproducing formulae of [18], Han et al. [17]
introduced Besov and Triebel-Lizorkin spaces on spaces of homogeneous
type and established several embedding theorems. On the other hand, Wang
et al. [48] also introduced Besov and Triebel-Lizorkin spaces on spaces of
homogeneous type, based on the Calderén reproducing formulae established
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in [24], and established the boundedness of Calderon—Zygmund operators
on these spaces as an application. Later, He et al. |25] obtained characteri-
zations of Besov and Triebel-Lizorkin spaces via wavelets, molecules, Lusin
area functions, and Littlewood-Paley gi-functions. Moreover, He et al. [25]
showed that those two kinds of Besov and Triebel-Lizorkin spaces studied,
respectively, in [17] and [48| coincide. Then Wang et al. [49] established the
difference characterization of Besov and Triebel-Lizorkin spaces on spaces
of homogeneous type.

To complete the theory of Besov and Triebel-Lizorkin spaces on spaces
of homogeneous type, it is a natural question whether or not we can also
establish a pointwise characterization of Besov and Triebel-Lizorkin spaces
on spaces of homogeneous type. The main target of this article is to give an
affirmative answer to this question.

The organization of this article is as follows.

In Section [2] we first recall the concepts of both homogeneous Besov and
Triebel-Lizorkin spaces on spaces of homogeneous type introduced in [48],
and then introduce Hajtasz—Sobolev spaces and Hajtasz—Besov—Triebel-Li-
zorkin spaces on spaces of homogeneous type. Then we state the main result

of this article (Theorem [2.16]).

In Section [3| we first introduce homogeneous grand Besov and Triebel—
Lizorkin spaces on spaces of homogeneous type. Then we investigate the re-
lation between homogeneous grand Besov and Triebel-Lizorkin spaces and
homogeneous Besov and Triebel-Lizorkin spaces (Theorem . Later, we
establish the equivalence between homogeneous Hajtasz—Besov—Triebel-Li-
zorkin spaces and homogeneous grand Besov and Triebel-Lizorkin spaces
(Theorem . To this end, we first establish a Poincaré type inequality
(Lemma. It should be mentioned that, in the proof of Lemma the
constant Ay appearing in the quasi-triangle inequality (see Definition
also brings some difficulty. That is why we need additional restrictions on
parameters involved therein. Moreover, all the proofs in Section [3] get rid of
the dependence on the reverse doubling assumption.

In Sectionfd] we establish the equivalence between inhomogeneous Hajtasz—
Besov—Triebel-Lizorkin spaces and inhomogeneous Besov—Triebel-Lizorkin
spaces (Theorem . To this end, we first establish a new characterization
of inhomogeneous Besov—Triebel-Lizorkin spaces (Theorem .

Finally, let us make some conventions on notation. For any given p €
(0, 00], the Lebesque space LP(X) is defined by setting

LP(X) := {f measurable on X : || f||1»(x) < 00},
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where, for any measurable function f on X,

1
1@ du@)] " itpe 0.0
[ fllze(xy =4 X
esssup | f(z)] if p = o0.
zeX

Throughout this article, we use Ag to denote the positive constant appearing
in the quasi-triangle inequality of d (see Definition , the parameter w to
denote the upper dimension in Definition [see ], and 7 to denote the
smoothness index of the exp-ATI in Definition Moreover, ¢§ is a small
positive number, for instance, § < (24¢)7!°, coming from the construction
of the dyadic cubes on X (see Lemma . For any given p € [1, 00], we use
p’ to denote its conjugate index, that is, 1/p+1/p’ = 1. For any r € R, 74 is
defined by setting r4 := max {0, r}. For any a,b € R, let a A b := min {a, b}
and a V b := max {a, b}. The symbol C' denotes a positive constant which is
independent of the main parameters involved, but may vary from line to line.
We use C(,,..) to denote a positive constant depending on the indicated
parameters «, f3,.... The symbol A < B means that A < CB for some
positive constant C', while A ~ B means A S BS A If f <Cgand g=nh
or g < h, we then write f < g~ hor f < g < h, rather than f < g=h
or f < g <h WeletN:={1,2,...} and Z; := {0,1,2,...}. For any
r € (0,00) and z,y € X with z # y, define V(z,y) := p(B(x,d(z,y))) and
Vi(z) := w(B(z,r)). For any 5,7 € (0,n) and s € (—(8 A ’y) B A7), we
always let

(1.1) p(s,BM)1=max{w+(gm)’w(ﬁM)H}’

where w and 7 are, respectively, as in (2.2]) and Definition The operator
M always denotes the central Hardy—Littlewood mazximal operator, which is
defined by setting, for any locally integrable function f on X and any x € X,

1
(1.2) M(f)(z) = TGS(EEO) m B(Lﬂ) |f(y)] dp(y).

For any set £ C X, we use 1 to denote its characteristic function, and for
any set J, we use #J to denote its cardinality.

2. Besov and Triebel-Lizorkin spaces and Hajlasz—Sobolev spaces
on spaces of homogeneous type. In this section, we recall the concepts
of Besov and Triebel-Lizorkin spaces on spaces of homogeneous type and
introduce Hajtasz—Sobolev spaces on spaces of homogeneous type. Let us
begin with the concept of quasi-metric spaces.
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DEFINITION 2.1. A quasi-metric space (X,d) is a non-empty set X
equipped with a quasi-metric d, that is, a non-negative function defined
on X x X satisfying, for any z,y,z € X,

(i) d(z,y) =0 if and only if x = y;
(11) d($7 y) - d(y7 JJ);
(iii) there exists a constant Ay € [1,00), independent of x,y, z, such that
d(.’E, Z) < AO[d(qjv y) + d(y7 Z)]

The ball B of X, centered at xy € X with radius r € (0, 00), is defined
by setting
B := B(zg,r) :={x € X : d(z,z0) < r}.

For any ball B and 7 € (0,00), we denote by 7B the ball with the same
center as that of B but of radius 7 times that of B.

DEFINITION 2.2. Let (X, d) be a quasi-metric space and p a non-negative
measure on X'. The triple (X, d, ) is called a space of homogeneous type if
1 satisfies the following doubling condition: there exists a positive constant
C € [1,00) such that, for any ball B C X,

(2.1) 0 < u(2B) < Cu(B) < .

Let C(,) = supgcy #(2B)/p(B). Then it is easy to show that C, is
the smallest positive constant such that (2.1)) holds true. The above doubling
condition implies that, for any ball B and any \ € [1, 00),

(2.2) H(AB) < CluXu(B),

where w := logy C(,,) is called the upper dimension of X'. Note that w € (0, c0)
(see, for instance, |2, p.72]). If A9 = 1, then (X,d,p) is called a metric
measure space of homogeneous type, or simply a doubling metric measure
space.

Without loss of generality, we may make the following assumptions on
(X,d,p). For any point x € X, we assume that the balls {B(z,7)},¢(0,00)
form a basis of open neighborhoods of . Moreover, we suppose that u is
Borel regular, which means that open sets are measurable and every set
A C X is contained in a Borel set E satisfying pu(A) = pu(E). We also assume
w(B(x,r)) € (0,00) and pu({z}) =0 for any given x € X and r € (0, c0).

Now, we recall the concepts of both test functions and distributions on X,
originally introduced in [20] (see also [19]).

DEFINITION 2.3 (Test functions). Let 1 € X, r € (0,00), 8 € (0,1], and
v € (0,00). For any x € X, define
1 r v
Ve(z1) + V(zy,2) |r +d(z1,2) ]|

(2.3) Dy (zy1,x;7r) ==
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A measurable function f on X is called a test function of type (x1,7,3,7) if
there exists a positive constant C such that

(i) for any =z € X,

(2.4) |f(@)| < CDy(21, m;7);

(ii) for any z,y € X satisfying d(z,y) < (240) 7 [r + d(z1, x)],
. 8

25) @)~ 1) < 0| 50T D i),

The set of all test functions of type (x1,r,3,7) is denoted by G(x1,7,3,7).

For any f € G(z1,7,8,7), its norm || f{|g(z, 8, in G(x1,7,8,7) is defined
by setting

I fllg(zy,r,8,7) = Inf{C € (0,00) : (2.4) and (2.5 hold true}.
The subspace G (1,7, 8,7) is defined by setting

Glar,,B,7) = {1 € Gor,r.B,7) + | f(@) dyu() = 0}

X

and is equipped with the norm || - HC;(:rl,r,ﬂﬁ) = g ,mp.)-

Note that, for any fixed x1,29 € X and 71,79 € (0,00), G(x1,71,5,7) =
G(xa, 12, 8,7) and g°(a:1, r1,B,7y) = g°(:c2, r9, 3,7) with equivalent norms, but
the positive equivalence constants may depend on x1, x2, r1, and r9. Thus,
for fixed z¢p € X and rg = 1, we may denote G(zo, 1, 5,7) and é(xo, 1,8,7)
simply by G(5,~) and G (B,7), respectively. Usually, the spaces G(f3,) and
QO(B, ) are called the spaces of test functions on X.

Fix an ¢ € (0,1] and 8,7 € (0,¢]. Let G5(8,7) [resp., G5(B,7)] be
the completion of the set G(e, ) [resp., G(e,e)] in G(B,7) [resp., G(B,7)].
Furthermore, the norm of G§(3,v) [resp., ég(ﬁ,ry)] is defined by setting
Il - Hgg(ﬁq) = | - g [resp., || - Hg"g(ﬁ,y) = |l - llg(ay)|- The dual space
(G5(B,7)) [resp., (90’8(6, v))] is defined to be the set of all continuous linear
functionals from G§(f5,~) [resp., QS (8,7)] to C, equipped with the weak-x
topology. The spaces (G§(8,7))" and (QOS(B,V))’ are called the spaces of dis-
tributions on X.

The following lemma, which comes from [32, Theorem 2.2|, establishes
the dyadic cube system of (X, d, p).

LEMMA 2.4. Let constants 0 < c¢g < Cyp < 0o and 6 € (0,1) be such that
12A3Co0 < ¢y. Assume that a set of points, {z% : k € Z,a € Ay} C X with
Ay, for any k € Z being a set of indices, has the following properties: for any
ke,

d(z’(fé,zg) > codf ifa#£ B, and mgll d(;v,zlgi) < Cob*  for any x € X.
acAg
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Then there exists a family of sets, {QF : k € Z, a € Ay}, satisfying
(i) for any k € Z, Upea, QF = X and {QF : a € Ay} consists of mutually

disjoint sets;
(i) if I,k € Z and k <1, then, for any o € A and B € Ay, either Qf@ cQk

or QN Qg =10;
(iii) for any k € Z and o € Ay,

B(2F,(343) tepd®) € QF < B(2F,240C6%).
Throughout this article, for any k € Z, define
Gr = Aps1 \ Ay and V"= {5} ocg, = {¥E}aca,

and, for any = € X, define

d(z,Y*) := inf d(z,y) and Vg (z):= u(B(z,d")).
yeyk
Now, we recall from [24] the concept of approximations of the identity
with exponential decay.

DEFINITION 2.5. A sequence {Qg}rez of bounded linear integral oper-
ators on L2(X) is called an approzimation of the identity with exponential
decay (for short, exp-ATI) if there exist constants C, v € (0,00), a € (0,1],
and n € (0,1) such that, for any k € Z, the kernel of the operator Qy,
a function on X x X', which is still denoted by @y, satisfies the following
conditions:

(i) (the identity condition) > 7> _ Q= I in L?(X), where I denotes the
identity operator on L*(X);
(ii) (the size condition) for any x,y € X,

Qulay)] < cmﬂm,y),
where
e = e o423
o -y [l V0., Y1) ] }
(iii) (the regularity condition) for any z,2’,y € X with d(z,2') <
Qk(z,y) — Qr(2, y)| + |Qx(y, x) —,Qx;(y, 2’|
<[5 S e
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(iv) (the second difference regularity condition) for any x,2’,y,y" € X with
d(z,2") < 6% and d(y,y') < 6F,

|[Qk(l’7 y) - Qk(lj, y)] - [Qk(xa y/) - Qk(l‘,v y,)”

<o |52 [4%2) o e

(v) (the cancellation condition) for any x,y € X,
| Qi) du(y) = 0= | Qu(a’,y) du(a’).
X X

The existence of such an exp-ATI on spaces of homogeneous type is
guaranteed by [4, Theorem 7.1| with 7 as in [4, Theorem 3.1|, which might
be very small (see also |24, Remark 2.8(i)]). However, if d is a metric, then 7
can be taken arbitrarily close to 1 (see [33, Corollary 6.13]).

The following lemma states some basic properties of exp-ATIs. One can
find more details in [24, Remarks 2.8 and 2.9, and Proposition 2.10].

LEMMA 2.6. Let {Qg}trez be an exp-ATI and n € (0,1) be as in Defini-
tion . Then, for any given I' € (0,00), there exists a positive constant C
such that, for any k € Z, the kernel Q. has the following properties:

(i) for any x,y € X,
where Dr(x,y; 6%) is as in with ~y replaced by I;
(ii) for any z,2',y € X with d(x,z') < (240)"16* + d(z,y)],
2.7 1Qk(z,y) — Qr(2, y)| + |Qk(y, 2) — Qrly, )|

d(z,z") 1" &
< — - | D : :
_C[ék—i—d(az,y)} F(x7ya6 )7

(iii) for any z,2’,y,y" € X with d(z, ') < (240)2[6* +d(z,y)] and d(y,y')
< (240)7*[0% + d(z, y)],

’[Qk(‘r7y) - Qk(x/7y)] - [Qk(xa yl) - Qk(x/7y/)]|
/ n /
< o] 4,2 d(y,y')
= +d(z,y)] [0F +d(x,y
Based on exp-ATIs, we now recall the concepts of Besov and Triebel—

Lizorkin spaces on spaces of homogeneous type; see [48, Definitions 3.1
and 5.1].

n
J Dr(z,y; ).

DEFINITION 2.7. Let 3, € (0,n) with n as in Definition and s €
(=(BA7Y), BA7). Let {Qk}rez be an exp-ATL.
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(i) Let p € (p(s, B A7), 00], with p(s, 3A+) as in (L.1), and g € (0, 00]. The
homogeneous Besov space BI“;’,q(X) is defined by setting

B} o(X) = {f € G(8.7) < I1F]l 55,2 < o0}
where, for any f € (gog(ﬁﬁ))/,

oo 1/
7l ey = | 32 05 1QuN % ]

k=—00
with the usual modifications when ¢ = oo
(ii) Let p € (p(s,8 A 7),00) and q € (p(s,8 A 7),00]. The homogeneous
Triebel-Lizorkin space F),) (X) is defined by setting

Fp () = {1 € (G381 a0y < o0},
where, for any f € (ég(ﬁ,fy))/,

1l ey = H[ i 6 Qu(f)17] I/q‘
k=—o00

with the usual modification when ¢ = oo

Lr(X)

The following definition introduces the concept of Triebel-Lizorkin spaces
with p = oo; see 48] Definition 5.1].

DEFINITION 2.8. Let 8,7 € (0,n), s € (=(BA7Y),B A7), and let g €
(p(s, B A 7),00] with n as in Definition and p(s,8 A~) as in (1.1)). Let
{Qr}rez_be an exp-ATI. For any k € Z and a € Ay, let QF be as in
]I;emma Then the homogeneous Triebel-Lizorkin space F5, ,(X) is defined

v setting

FSo(X) = {f € (G5(B.A)) < [ fll e, () < o0,

where, for any f € (ég(ﬁ,'v))’,
1/q

11| s 1= sup sup
Foo’q(X) €7 acA;

(Q, | S 67 H1Qu () @)l )
QL k=l
with the usual modification when g =

REMARK 2.9. (i) In Definition we need diam X' = oo to guarantee (v).
Observe that it was shown in [39, Lemma 5.1| (see also [4, Lemma 8.1|) that
diam X = oo implies pu(X) = oo. Therefore, diam X = oo if and only if
u(X) = oo under the assumptions of this article. Due to this, we always
assume that p(X) = oo in Sections 2 and 3.

(ii) In |48], Wang et al. proved that Bs (&) and FS (&) in Deﬁnition
are independent of the choices of 8 and 'y as in Deﬁn1t1on 7l and exp-ATIs
(see [48, Propositions 3.13 and 3.16| for more details). Moreover, it was also
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shown that Fgo,q(x ) in Definition is independent of the choices of 3
and ~, and exp-ATIs (see |48 Propositions 5.4 and 5.5] for more details).

Now, we introduce the concepts of s-gradients and s-Hajtasz gradients on
spaces of homogeneous type (see, for instance, |37, Definition 1.1 and (2.1)]).

DEFINITION 2.10. Let s € (0,00) and u be a measurable function on X.

(i) A non-negative function g is called an s-gradient of u if there exists a
set E C X with p(E) = 0 such that, for any z,y € X \ E,

u(z) —u(y)| < [d(z,y)]*[9(x) + g(y)]-
Denote by D*(u) the collection of all s-gradients of w.
(ii) A sequence of non-negative functions, {gx}rez, is called an s-Hajtasz
gradient of w if there exists a set £ C X with u(F) = 0 such that, for
any k € Z and z,y € X\ E with 6**! < d(x,y) < 6%,

lu(@) — u(y)| < [d(z,y)]*[ge(x) + gr(y)]-
Denote by D*(u) the collection of all s-Hajtasz gradients of w.

Next, we introduce the concepts of homogeneous Hajlasz—Sobolev spaces,
Hajtasz—Triebel-Lizorkin spaces, and Hajtasz—Besov spaces (see, for instance,
[37, Definitions 1.2 and 2.1]).

DEFINITION 2.11. Let s € (0, 00).

(i) Let p € (0,00). The homogeneous Hajtasz-Sobolev space M5P(X) is
defined to be the set of all the measurable functions v on X such that

o = iInf .
[Jwll 2(X) gegls(u) gl r(xy < o0

(ii) Let p € (0,00) and ¢ € (0,00]. The homogeneous Hajtasz—Triebel-
Lizorkin space M, ,(X) is defined to be the set of all the measurable

functions u on X such that
> q 1/q
(X a)

k=—o00

< 00

lalligy oy o=, intf )

 {gkbhen€Ds (u)

with the usual modification when ¢ = oc.

(iii) Let ¢ € (0,00). The homogeneous Hajtasz—Triebel-Lizorkin space
Mgo’q(x ) is defined to be the set of all the measurable functions u
on X such that

HuHMgqu(X)

00 1 1/q
=y swsp{S s | gl dut)

N ehs
{9k} rez€D*(v) keZ zex s B(a.s*)

< oQ.
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(iv) The homogeneous Hajtasz—Triebel-Lizorkin space M;‘o,oo(;v) is defined
to be the set of all the measurable functions u on X such that

sup gg < 00.

kezZ HLC"’(X)

Ul rrs = in

H ||M°°’°°(X) {9k} ez €D (u)

(v) Let p,q € (0,00]. The homogeneous Hajtasz—Besov space Ng’q(X) is
defined to be the set of all the measurable functions v on X such that

lull s o= inf [Z AT

{9k} ez €D (u)

with the usual modification when ¢ = oo

From Definition it is easy to get the following conclusion. We omit
the details.

PROPOSITION 2.12. Let s € (0,00) and p € (0,00]. Then M;OO(X) =
M5P(X).

Next, we recall the concept of weak lower bounds (see, for instance, |17,
Definition 1.1|, [49, Definition 4.4], and |1, (2) or (3)]).

DEFINITION 2.13. Let (X,d, ) be a space of homogeneous type with
upper dimension w as in . The measure p is said to have a weak lower
bound @ with @ € (0,w] if there exist a positive constant C' and a point
xo € X such that, for any r € [1, 00),

w(B(zo,r)) > Cre.

REMARK 2.14. We point out that, in |49, Definition 4.4|, u is said to
have a lower bound @ with @ € (0,w] if there exists a positive constant C
such that, for any 2 € X and 7 € (0,00), u(B(z,r)) > Cr®. That is why we
call it a weak lower bound in Definition 2.13]

As the next result illustrates, it follows from the doubling property of
the measure that the weak lower bound and the lower bound conditions are

equivalent when @) = w, where w is as in (2.2)).

PROPOSITION 2.15. With w as in (2.2)), the measure p has a weak lower
bound Q = w if and only if it has a lower bound QQ = w.

Proof. Clearly, the lower bound condition implies the weak lower bound
condition. Now, we show the converse. To this end, suppose that the measure
u has a weak lower bound @) = w for some fixed zg € X. Fix x € & and
r € (0,00). Next, choose an R € [1,00) large enough so that R > r and
B(z,7) C B(zo, R). Consider the smallest k¥ € N such that 24¢R < (24¢)*r,
where Ay € [1,00) is the constant in the quasi-triangle inequality. Note
that k£ > 1 because 7 < R, and hence (24¢)* > 1. Also, this choice of k
ensures that (24¢)"r < (24¢)2?R, which further implies that B(zg, R) C
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B(z, (2A40)%r). Using this, the weak lower bound @ = w for the ball B(xg, R),
the doubling condition in (2.1)), and (24¢)*r < (24¢)2R, we further conclude
that
R S w(B(zo, R)) S n(B(w, (240)"7))
R w
< A uB() S Ao () Bl

r

from which it follows that u(B(z,r)) 2 r¢. Thus, p has a lower bound
Q) = w, as wanted. =

Now, we can state our main results.

THEOREM 2.16. Let 3,7 € (0,n) withn as in Definition2.5], s € (0, BAY),
p,q be as in Deﬁm’tion and w as in (2.2)). Assume that the measure p
of X has a weak lower bound () = w.

(i) If p€ (w/(w+s),00) and q € (w/(w —l—s),og], then Mgzq(é\f) = F;yq(?().
(ii) Ifp € (w/(w+ s),00] and q € (0,00], then N, ,(X) = B, (X

3. Relations to homogeneous grand Besov and Triebel-Lizorkin
spaces. Before we prove Theorem [2.16] we need to introduce the concepts of
other important spaces, namely, the homogeneous grand Besov and Triebel—-
Lizorkin spaces on spaces of homogeneous type.

DEFINITION 3.1. Let n be as in Definition 2.5, s € (—=n,7), 8,7 € (0,n),
and g € (0,00]. For any k € Z and z € X, define

Fir(@) == {6 € GJ(8,7) : [0l g(nsr 5y < 1}

(i) For any p € (0, 00|, the homogeneous grand Besov space ABIS)H(X) is
defined by setting

AB} () = {f € G381+ | lLagy ) < o0h,

where, for any f € (ég(ﬁ,'y))’,

11 asy ) [Z 5o

with the usual modification when g = oo
(i) For any p € (0,00), the homogeneous grand Triebel-Lizorkin space
AF; (X) is defined by setting

AL () = {f €GB : 1 agy, ) < o

sup fqbl‘

PEFR()

Lp X)}
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where, for any f € (GJ(53,7))',

1l agy o = H[k_i: 57 sup |(£ )] "]

PEFK(")

Lr(X)

with the usual modification when g = oo. .
(iii) The homogeneous grand Triebel-Lizorkin space AF3, ,(X) is defined by
setting

AF 4(X) = {f € (GG Wl ape, ) < o

where, for any f € (gog(ﬂ,v))’,

1£llage vy
[ VS5 s )]
:= sup sup sup , HAT
leZ ac A, (QL) QL k=l PEF ()

with the usual modification when ¢ = oo.

REMARK 3.2. Let {Qx}rez be an exp-ATI. By (2.6) and (2.7)), it is easy
to see that, for any k € Z and = € X, Q(z,-) € Fi(x).

We now establish the relation between homogeneous Besov and Triebel-
Lizorkin spaces and homogeneous grand Besov and Triebel-Lizorkin spaces.

THEOREM 3.3. Let 3,7 € (0,n) with n as in Definition 2.5 and s €
(=(BAY), BA7).

(i) If p and q are as in Definition (ii), then F]iq(é’() = Alif,q(X).
(ii) If p and q are as in Definition (i), then B, (X) = AB, ,(X).

To prove Theorem [3.3] we need several lemmas. Let us begin by recalling
the following very basic inequality.

LEMMA 3.4. For any 6 € (0,1] and {a;};en C C,

(31) (Slasl) < S lasr
=1 j=1

The next lemma contains several basic and very useful estimates re-
lated to d and p on X. One can find the details in |20, Lemma 2.1] or |24,
Lemma 2.4].

LEMMA 3.5. Let 3, € (0,00).
(i) For any z,y € X andr € (0,00), V(z,y) ~ V(y,z) and
Vi) + Vi) + V() ~ Vele) + V(,9) ~ Vily) + V(a,9)
~ w(B(x, r +d(z,y))),
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equivalence constants are independent of x, y, and r.
(ii) There exists a positive constant C' such that, for any 1 € X and r €
(0,00),

and moreover, if d(x,y) < r, then Vi(x) ~ V,(y). Here the positive

S ‘D’Y('Thy; T) d/,&(y) S Cv
X

where D~ (x1,y;7) is as in (2.3)).

The following homogeneous discrete Calderon reproducing formula was
obtained in |24 Theorem 5.11]. Let jo € N be sufficiently large such that
670 < (2A0)7°Cy*. Based on Lemma [2.4 . for any k € Z and o € Ay, let

Nk, @) = {1 € Agyjo : QF7° C QL)
and N(k,a) := #9(k, a). From Lemma , it follows that N (k,a) < 670w
with the implicit positive constant independent of both k& and «, and that
Uremka) Q0 — QF. We rearrange the set {QF™ : 7 € N(k,a)} as
{Q } ) . Also, denote by ya an arbitrary point in Qg’m and by Zhm
the “center” of Qa

LEMMA 3.6. Let {Q}2 . be an exp-ATI and 3,y € (0,n) with n as
in Definition . For any k € Z, o € A, and m € {1,...,N(k,a)}, sup-

pose that y’;jm 18 an arbitrary point in in’m. Then there exists a sequence

{Qr}? . of bounded linear integral operators on L?(X) such that, for any

f € (G3(8.7),

Z > Z (QE™Qk(,yE™ Qi f (yh™)

k=—oco ac A, m=1

n (g°g(,8,7))’. Moreover, there exists a positive constant C, independent of
the choices of both ylgjm, with k € Z, o € Ag, and m € {1,...,N(k,)},
and f, such that, for any k € Z, the kernel of Qy, satisfies

(i) for any x,y € X,
(3.2) |Qk(,y)| < CD, (x,y; 6),
where Do(z,y; 6%) is as in (2.3);
(ii) for any z,2',y € X with d(x,2') < (240) 716 + d(=, y)],

~ ~ d(z,x’ A
B3 Qo) - Qe < O g D et
(iii) for any x € X,

§ Qulx,y) du(y) = 0 = | Quly, ©) du(y).

X X
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We also need the following three lemmas (see, for instance, [48, Lemmas
3.5 and 3.6]).

LEMMA 3.7. Let v € (0,00) and p € (w/(w + ), 1] with w as in (2.2)).
Then there exists a constant C' € [1,00) such that, for any k, k' € Z, x € X,
and yi'™ € QE™ with o € Ay, and m € {1 ... N(k,a)},

Cil[‘/(;k/\k’ P < Z Z ka :ZZ yam;(sk/\k’)]p

acA, m=1
< ClVyonw @),
where Dv(x,y,’i’m;ék/\k/) is as in (2.3)).

LEMMA 3.8. Let v € (0,00) and r € (w/(w + 7), 1] with w as in (2.2).
Then there exists a positive constant C such that, for any k,k' € Z, x € X,
and a&™ € C and yo™ € Q8™ with o € Ay and m € {1,...,N(k,a)},

2 Z Q™) Dy (.t 85 )aly™

acA, m=1
ka) 1/7,,
< Colt=Enm (S ST ek ) ()]
acA, m=1

where Dy(az,yé’m;ék/\k/) is as in (2.3) and M as in (1.2).
The next lemma is the Fefferman—Stein vector-valued maximal inequality

which was established in |13, Theorem 1.2].

LEMMA 3.9. Letp € (1,00), q € (1,00], and M be the Hardy—Littlewood
mazximal operator on X as in (1.2]). Then there exists a positive constant C
such that, for any sequence {f;}jcz of measurable functions on X,

K =l )"

with the usual modification when q = oo

Proof of Theorem |3.5. We first show (i). Assume that f € AFS (X))
and that {Qj}rez is an exp-ATI. From Remark [3.2] we infer that \Qk( )| <
ey [0} and henee [|Fllg, 2 < I Fllagy vy

Conversely, assume that f € Fﬁq(z\f’ ). By Lemma E we know that, for
any l€ Z, x € X, and¢€]:l(x)

Lr(X)

Z > Z (QE™QrfWh™ | Qulz,yb™) () du(z).

k=—occ a€A, m=1 X
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Notice that, by an argument similar to that in [48| proof of Lemma 3.9|, we
have, for any fixed ' € (0,3 A7),

H @k(z, yﬁvm)¢(z) dlu,(z)‘ < 5|k—l|n’D7(x7y§,m; (5k/\l),
X

where D (z, yg’m; 6F 'Y s as in (2.3). Using this, Lemma and the arbi-
trariness of y&™, and choosing r € (w/(w + 7), min {p, ¢, 1}), we obtain

N(k,a)
(f.8)] < Z SN N U QE™ QS (Y™ Dy (a, ym; 651
k=—o00 acA, m=1
< i §lE=tn’ glk—(kAD]w(1-1/r)
k=—o00
N (k,a) 1
MY QI g ) ()]
a€A m=1

S Z 5\kfl|n’5[k7(k/\l)]w(171/r)[M(’Qkﬂr)(x)}l/r.

k=—o00

Consequently, we find that

1A ases 20y S H[ Z 5= ’”q{ Z slk—tn’ lk—(kAD]w(1-1/r)

k=—o00

< v}

Lr(xy
which, together with the Holder inequality when ¢ € (1, 00], or (3.1) when
q€ (w/lw+ (BAY)],1], implies that

Lt o < [{ 3 tr1@umion)

k——oo

Lr(X)
From this and Lemma we deduce that

1 azzg ey S NF Mg -

This finishes the proof of (i).
The proof of (ii) is similar to that of (i) and we omit the details. This
finishes the proof of Theorem .

Next, we establish the equivalence between homogeneous Hajtasz—Besov
and Hajlasz—Triebel-Lizorkin spaces, and homogeneous grand Besov and
Triebel-Lizorkin spaces.
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THEOREM 3.10. Let B,v € (0,n) with n as in Deﬁm'tion and s €
(0,3 A\7). Assume that the measure p of X has a weak lower bound QQ = w.

(i) Ifp € (w/(w+s),00] and q € (w/(w+s), <], tﬁen AF;’(I({Y) = M;q(z\,’).
(ii) If p € (w/(w+ s),00] and q € (0,00], then AB; (X) = N ,(X).

To prove Theorem [3.10] we need several lemmas. The following lemma
was originally shown in [15, Theorem 8.7| when s = 1 and Ay = 1. When
s € (0,1) and Ay € (1,00), we need more restrictions on Ay and 4. We
borrow some ideas from |15 proof of Theorem 8.7]. In what follows, for any
measurable set £ C X with u(F) > 0, let

j= s
g ME g
LEMMA 3.11. Let s € (0,00),p € (0,w/s), and p* := -2 with w

w—sp
as in [2.2). If Ag?/* < 1, then there exists a positive constant C such
that, for any By = B(xg,r9) C X with x9 € X and rg € (0,00), u €
M*P(B(xg,0 1 rg)), and g € D*(u), one has u € LP" (By) and

]l/p* = 07”5{ b du(y)}l/p.

(B4)  inf| § July) - e du(y)
By 6~ 1By

Proof. 1f 85_1]30 [9(y)]? du(y) = oo, then (3.4) holds true. If

| l9@)Pdu(y) = o,
5~ 1By

then we know that g(x) = 0 for almost every # € 6 !By and hence there
exists a ¢ € R such that u(z) = ¢ for almost every @ € ! By. Thus, in this

case, (3.4]) holds true.

In what follows, we assume that
0< | [g@)Pduly) < oo.
57130

Note that this implies g > 0 almost everywhere on X. Moreover, we may
also assume that, for every « € 6By,

(3.5) 9(96)251“/”{ | [g(y)]pdu(y)}l/p,
1By

as otherwise we may replace g by g(z) := g(z) + {&57130 [9(y)IP dp(y)}'/P for
any x € 6 1 By, because

b oawraw)” s{ § P

6_130 6_130

1/p
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For any k € Z, define

Ep:={xedé'By:glx) <5 "
It is easy to see that, for any k € Z, we have E,_1 C E} and
(3.6) Jim pu(By) = (8" Bo).

Since g > 0 almost everywhere on X, we also have

u(67 B\ (J 1Bk \ Bia]) =0,

kEZ
which allows us to write

o0
(3.7) | loPdu(y) ~ > 6 "u(Ex\ Ex1).
6_1B0 k=—o00
For any ¢ € R, if we let aj 1= supyep,npg, [u(y) — |, then a; is non-
decreasing and

(38) Y lu@) = el du(y) < D7 af p(Bon [Bi\ Bea)).

Bo k=—00
Note that, if u(67 2By \ Ex_1) = 0, then u(E) \ Ex_1) = 0. Thus, to estimate
both (3.7) and (3.§)), we only need to consider k € Z such that u(6='By \
Ex_1) > 0, which is always assumed in what follows. Let
(3.9) b= (4Ag) ““ry“ u(6 1 By)
and

rie = 2b" 9 [u(67 By \ Ep_1)]%.

Then we know that r; € (0,00). Moreover, from the Chebyshev inequality,
we infer that

(3.10) w6 1By \ Ey) = p({x € 67 1By : g(x) > 67F})
<& | (g duly),
5_130

which implies that limy_, 7 = 0. Thus, there exists a ky € Z, which will
be determined later, such that, for any k& > kg, we can find an x; € By sat-
isfying B(zg, %) C 6By, where r, < 6~ !rg. Observe that, by the doubling
condition of X', we can conclude that, for any k > ko, u(B(zg, 7)) > bry.
Combining this and the definition of r, we find that

p(B(zy,rx)) > br) > p(67 By \ Ex—1) = (6™ Bo) — p(Eg-1)-
From this, we deduce that B(xg,r) N Ex—1 # 0, that is, there exists an
wp_1 € B(zg, 7)) NEg_1. Now, if B(zp_1,7%_1) C 61 B, then we can repeat
the above procedure to find an xj_o such that z;_o € B(xk_1,7x-1) N Fx_o.
In summary, for any i € {1,...,k — ko + 1}, if B(xy_;,74—;) C 6! By, then
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we can find an xp_;_1 such that zx_;—1 € B(xk—s, Tk—i) N Ex_i—1. We now
want to determine ko. Note that, by (3.10), zx € By, and the assumption
that Agé?/¥ < 1, we find that, for any y € B(zky, k),

d(y,zo) < Aold(y, zx) + d(xg, xo)]
< Aod(y, zx) + Aoro
< AJld(y, ) + d(zry, x1,)] + Aoro
< Adry + AJ[d(xhy, xhy11) + d(To11, 28)] + Aoro
< Alrpy + Adrrgi1 o+ Alg_k°+1rk_1 + Alg_kOHTk + Aogro

k—1
<25l | P an=)} Y (A + Agrg

5_130 i=k071
op—1/w 1/w
< 2 s(ko—1)p/w p
< A3 o Aoép/“’{aL l9(2)" du(z) } " + Aora.
0
If
Qbfl/w

1/w
(3.11)  AZglko=tiw/e { 1 b@Prdu=} ™+ < 67,
5_130

then we conclude that, for any i € {1,...,k — ko}, B(zp_s,7r_i) C 6 ' Bo.
Observe that (3.11)) is equivalent to

1 — Agor/e

242 ]“/p
1 — Agdp/*) (6= — Ag)

(3.12) oo > [(

<) | P}
6~ 1By

We claim that, if (3.12]) holds true, then 7, < 6~ 'rg for any k > k. Indeed,
from the definition of 7, (3.10)), (3.12)), and the fact that § is very small, we
deduce that

1w _ 1/w
re < 26712 L5 000§ g(y))P duly) |
(57130

§26‘1/‘“5(’“°‘”p/“{ | [g(y)]”du(y)}
6~ 1By

1/w

242 !
(1 — Aoél’/w)(é—l — AO)
< 0= ApdP) (57! — Ag)
0

Thus, the above claim holds true.

§261/‘”[ bl/‘”ro{ | [g(y)]pdu(y)}_l/w

57130

To S 5_17“0.



20 R. Alvarado et al.
Observe that (3.5)) implies Ey = 0 for k € Z small enough. Using this
and (3.6)), we conclude that there exists a kg € Z such that
(3.13) p(By, ) < 0u(6" Bo) < p(Ey,).
From this, we deduce that EEO # () and, by (3.5), for any = € EEO we have

51+1/p{ Ok du(y)}l/p
6 1By

<g(x) < 5o,

On the other hand, since ¢ is very small, we may assume that § < 1/2. Then,
by both (3.13]) and (3.10)), we know that
(5”((57130) <(1- 5)/1,((57130) < /L((SilBo \ E%o—l)
< gt [g(y)IP dp(y).
5_130

Combining the above two estimates, we find that

51+1/P{ )k du(y)}l/p <M < 5‘1‘1“’{ I Loy du(y)}
§—1Bo 6= Bo

1/p

Let [y be the smallest integer such that
w/ — 1/
67 > max{ g2l 245 ’ 1 7,u(5 Bo) |
(1 — Agép/w)((s*l — Ao) ’ b’l"‘(’)u
and let kg := %0 + lp. Then we conclude that (3.12) holds true and
6_k0 — 5—16—E06—(l0—1)

§5‘15_1_1/”{ § [g(y)]pdu(y)}l/p
5~ 1By

% max { 82 1/p 2A(2) o 1 7#(5_130) w
(1 — Agép/w)((s*l — Ao) ’ b’l“{(’)u

<o) | P}

(57130
which, together with (3.12), implies that

(3.14) 670~ (o)L (g0 dulz) |

57130

1/p

Now, we estimate a; by considering two cases of k.

CASE 1: k > kg. In this case, it suffices to consider & > kg such that
ErN By # 0. For any 3, € Ej, N By, choose {xj_1,. ..,z } as above. Then,
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from g € D*(u), the definition of 7, (3.10), and p € (0,w/s), we find that,
for any c € R,

u(zk) — ¢l
k—ko—1
< Y u(@r—i) — w(@p—io1)| + Ju(zk,) —
=0
k—ko—1
< Z [d(@—i, xi—i—1)]*[9(25—i) + g(@p—i—1)] + |[u(zk,) — €]
=0
k—ko—1 ‘
S D L+ lu(ak,) —
1=0
s/(.uk_ko_1 . .
solel | Pz} S g ) — o
5-1By i=0
—s/w s/w —(k—1)(1—ps/w)
ol | P dutz)} o Pl (k) — e,

61 Bo
which implies that

s/w
ar SO 9P duta) ) 5T 1 sup fu(@) - .
6_130 $€Ek0

Choose a ¢ € R such that essinf,cp, |u(z) —¢| = 0. Then we can find
{y;j}jen C Ej, such that lim;_, [u(y;) — ¢| = 0. As g € D*(u), using the
definition of Ej,, we have, for any x € Ej,,

(315) Jula) ~ 2| = lim [[u(@) =€) = [u(y;) ~ ) = lim Ju(z) ~ u(y)|

< lim [d(x, y;)]°[9(x) + g(y;)] < 2T AGrgo—"o~>,

T j—ooo

which further implies that, for any k& > ko,

s/w
(3.16) ar < b*S/‘”{ | e d,u(z)} §RO=ps/w) 4 psgho,
57130
CASE 2: k < ko. In this case, by both (3.15) and the fact that Ej is
increasing, we find that

(3.17) ap = sup |u(y) —¢|
yEBoNE)

< sup  Ju(y) —d < sup Ju(y) — ¢ Srgat,
yGBoﬂEkO yGEkO

where we let a; := 0 if By N E;, = 0.
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From , , , , , and , we deduce that

| [uly) — 2" du(y)
Bo

< > al w(Bo N [Ey\ Ex1])

k=—00
Sb_sp*/w{ | [g(zﬂpdu(z)}sp*/w Y SO (B By)
6~ 1By k=—o00
s §Ror" 14 (By)
<o el | @Pan)T ] P )

6§~ 1By 6~ 1By

FuBor by | @ dn))
d—1By

< e f § werae)”

5_130

*/p

Bl | apan)}

6_130

2

which implies that
- 1/p* WN—1/p* s/ » 1/p

[ u) = au)] " < @)Y o) )}

Bo §— 1By
Recalling that b = (44¢)"“6“ry“u(6~1By), we then conclude that

(b)) VP S (8 Bo)] TP

This finishes the proof of Lemma [3.11] =

REMARK 3.12. Let p*,u, and By be as in Lemma [3.11] If p* € [1,00),

then u € L1(By), and moreover the left hand side of (3.4) can be replaced
by

I

[ u(w) — uml” du)] "
By

where

up, == ¥ u(y) dp(y).
By
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Indeed, we can find a ¢y € R such that

H |u(y) — col”” du(y)} " <2t H [u(y) — ¢’ du(y)
By

}1/10*
ceR ’

By the Hélder inequality, we have

[§ )~ uml” du)] " = [§ o) - § a2 a1
Bo _BO Bo
< [§ § )~ dpz) dn)]
BO Bo
< % u(y) — cof”” du(y)r/p :
By

This finishes the proof of the above claim.

The next result is a consequence of Lemma [3.11] and highlights the
fact that functions in M;q(/'\f ) are actually locally 1ntegrable whenever p €

(w/(w+5),00).
COROLLARY 3.13. Let s € (0,00), ¢ € (0,00, and p € (w/(w + 5),0)
with w as in (2.2). Then every function in M, (X) is locally integrable on X.

Proof. Fix a u € M;’q(?{) and observe that, if {gx}rez € D*(u), then

g € D*(u), where
00 1/
o= (3 o)

k=—o00

with the usual modification when ¢ = co. Thus, u € M#®P(X). Consider
any ball By C X and suppose Agd?/¥ < 1. If we choose a t € (w/(w + s),
p A (w/s)), then u € M**(§~'By) and Lemma implies u € L' (By),
where t* = wwftst > 1. Thus, u € L'(By), which completes the proof. m

The following result also follows from Lemma [3.11}

COROLLARY 3 14. Let s € (0,00), p € (w/(w + s),w/s), and p* 1= £
with w as in . Assume that X has a weak lower bound Q = w. Then, for
any u € Ms’p( ) there exists a constant C € R such that u — C € LV (X)

and
(3.18) lu = Clioe ey < Cllulggengary
where C is a positive constant independent of u.

Proof. Let u € M*?(X) and fix a point 2o € X. For any k € N, let
By, := B(wo, k). Choose a g € D*(u) such that [|gl[rsx) < 2lJullyran(x)- By
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Lemma we find that, for any k € N,
« 1/p* s 1/p
5 ) = un b auw)] T sk S o) dut) }
Bk 6713]@

< KB ull o -
This, together with the assumption that X has a weak lower bound @) = w,
and Proposition [2.15] implies that

319) [ utw) —up, " duw)] "

By

S R B Pl e

< ks(l—Q/W)HuHMS,p(X) S HUHMS*”(X)'

From this, we find that, for any k£ € N,

1

|U’Bk - uBl| < @ BSI |u(y) - U’Bk‘ d/‘(y)

1 o
< W[é lu(y) —up, |V du(y)

1

} 1/p*

< %

[(By)] /P

which implies that {up, }rey C R is a bounded sequence. Therefore,
there exist a subsequence {“Bkj }jen and a constant C' € R such that

C = limj_« uB, - Moreover, by (3.19) and the Fatou lemma, we further
conclude that

[§ lu(z) - € dpu(a)
X

,UJHMS;F(X)’

]1/10*

= [S lim |[u(z) — uBk]-]lBkj ()" d,u(x)} w

Jj—ro0
X
. P 1/p* <
< tim | Ju(@) - up, [ du@)] S el sy
j—00 By,
This finishes the proof of Corollary B.14] =

REMARK 3.15. Let w be as in (2.2) and p € (0,w). In |1, Theorem 22],
Alvarado et al. proved that, if X’ is uniformly perfect (see |1}, (39)]), then
(3.18) with s = 1 is equivalent to X having a lower bound.

The following lemma is a Poincaré type inequality for D*(u) (see also |37}
Lemma 2.1]).

LEMMA 3.16. Let s € (0,00). Then there exists a positive constant C
such that, for any k € Z, any measurable function v on X, any x € X, and
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any {g;}jez € D*(u),
k—1

. ks .
(320) inf § July) —eldu(y) <CI Y0 gi(y)duly).
B(z,6%) J=k=3 B(x,6=2)

Proof. Observe that, for any k € Z and x € X,
(321) inf §fu(y) - c|du(y)

ceR

B(z,6%)

< b Ju) = upgsi-2) B, agse-1) | dpi(y)
B(z,6%)

< | § u(y) — u(z)| du(y) dp(z).
B(z,6%) B(z,6%—2)\B(x,A06k—1)

As ¢ is very small, for any y € B(z,6*) and 2z € B(x,d*2) \ B(x, Agd* 1)
we have

d(y7 Z) < AO[d(ya l’) + d(l‘, Z)] < 2140(Sk_2 < 5k_37

d(z,2) < Agld(z,y) + d(y, 2)] < Aed" + Aod(y, 2),
which implies that

oF < d(y,z) < %3,

From this, we deduce that there exists a unique jo € {k — 1,k — 2,k — 3}
such that

§lotl < dly, z) < 5o

and hence
k—1
[u(y) = u(2)] < [y, 2)P[970(9) + 90 ()] < 837 g5(y) +g5(2)].
j=k—3
Therefore, by , we conclude that
inf § fu(y) - cldu(y)
B(z,0%)
k—1
So Sy § [9;(y) + g;(2)] dp(y) u(2)
J=k=3 B(x,6%) B(x,6*=2)\B(z,Ag0* 1)
k—1

<oy b g duy),

j=k—3 B(x,ék—Q)

which completes the proof of Lemma [3.16] »
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REMARK 3.17. Similarly to Remark [3.12] under the same assumptions
20) can be replaced by

as in Lemma the left hand side of (3.
Vo u(y) = upgesnl duly).

B(z,0%)
Using Lemma [3:11] we can show the following Poincaré type inequality
which is very useful in the case when p € (0, 1].

LEMMA 3.18. Let s € (0,00), p € (0,1], and e, € (0,s) with e < &'. If
ApdP!¥ < 1, then there exists a positive constant C' such that, for any k € Z,

any x € X, any measurable function u, and any {g;}jcz € D*(u),

w—ep

w

[ % |U(y)—c\w—ip d,u(y)} wp

(3.22)  inf
ceR
B(z,0%)

<o Y o} rd)”

Jj=k—2 B(z,6k—1)

Proof. Without loss of generality, we may assume that the right hand

side of (3.22) is finite. For any k € Z and xz € X, let
S j(s—e)p A
glw)i={ 3§y}

j=k—2
We claim that g € D*(u) and u € M=P(B(z,6*1)). Indeed, for any y,z €
B(z,8%1), we have
d(y, z) < Agld(y, z) + d(z, 2)] < 240671 < %72,
Therefore, there exists a unique integer jo > k — 2 such that
sl < d(y, z) < 6%,
Then, since {g;}jez € D*(u), it follows that there exists an £ C X with

u(E) = 0 such that, for any y, z € B(x,6* 1)\ E,
[y, 2)1° (950 (¥) + 9jo (2)] < [y, )76 g5 (9) + 5 (2)]

[d(y, 2)I"l9(y) + 9(2)],
which implies g € D?(u). On the other hand, since p€ (0,1] and 0<e<e’'<s,

u(y) — u(z)]

IN A
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by the Holder inequality with exponent 1/p > 1 we conclude that

191l Lo (B (2,55 1Y)

{ Z §i(s—e)p ()]P dp(y )}1/p
{

z,68=1) j=k—2

M8 ng

FERI | gy duty)}

j=k—2 B(x,5k1)
1 o)
<[ 3 HEa T S el | g du)
j:k’—2 j: k—2 B(:I},(Skil)
— S— 1/p
S S WV ()] /P Z oI { | [gj(y)]pdu(y)} < .
j=k—2 B(z,6k—1)

From this, we deduce that u € M*?(B(x,5*1)). Combining the above claim
and Lemma and using the Holder inequality with exponent 1/p > 1,
we find that

wp L_cp
| § Juy) - o5 du(y)| 7

B(z,6%)

j=k—2 j=k—2 B(z,6k-1)

oy 5]'(5—5’){ | [gj(yﬂpdu(y)}l/p-

k-2 B(a5t1)
This finishes the proof of Lemma .

The following lemma illustrates that any element of AF;OO (X) is alocally
integrable function.

LEMMA 3.19. Let B, € (0,n) with n as in Deﬁnition s € (0,BAY),
and p € (w/(w+s),00) with w as in (2.2). Assume that the measure p of X
has a weak lower bound QQ = w. Then, for any f € AF;,OO(X)7 there exists

an f € LY (X) such that f = fin (ég(ﬂ,y))’.
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To prove Lemma we need the concept of approximations of the
identity with exponential decay and integration 1; see [23, Definition 2.8] for
more details.

DEFINITION 3.20. Let n € (0,1) be as in Definition 2.5| A sequence
{Q1}rez of bounded linear integral operators on L%(X) is called an approz-
imation of the identity with exponential decay and integration 1 (for short,
1-exp-ATI) if {Q }rez has the following properties:

(i) for any k € Z, Qy satisfies (ii), (iii), and (iv) of Definition but
without the decay factor

expl [P k>’d<y’y’“>}]a}.

ok ’
(ii) for any k € Z and z € X,
V Qu(e,y) du(y) =1 = | Quly, x) du(y);
X X
(iii) if Py := Qk — Qx—1 for any k € Z, then { Py }rez is an exp-ATL
REMARK 3.21. As was pointed out in |23, Remark 2.9], the existence
of a 1-exp-ATI is guaranteed by |4, Lemma 10.1]. Moreover, by the proofs

of both |24, Proposition 2.9] and [20, Proposition 2.7(iv)|, we know that, if
{Qr}rez is a 1-exp-ATI, then, for any f € L?(X), limy_oo Qrf = fin L?(X).
By an argument similar to that in |24, proof of Proposition 2.10], we have

the following conclusion; we omit the details.

LEMMA 3.22. Let 8, € (0,n) with n as in Definition s€ (0,8A7),
keZ, x,y e X, and {Qr}rez be a l-exp-ATIL. For any z € X, let
(z) == 8" [d(x, )] °[Qu(x, 2) — Quly, 2)].
If d(z,y) € (0,0%], then ¢ € Fi(x), where Fi(z) is as in Definition .
Proof of Lemma . Assume that f € AF;OO(X) and that {Qg}rez is
a l-exp-ATI. For any x € X, let

g(x) :=supd™™ sup [(f,¢)l.
kezZ PEF ()
First, for any k € Z, i € N, and = € X, we have
Qrf(7) = Qryif(x)] < |Qk+]f( ) = Qutj1f ()]
0

1—1
I(f Qrtj (@, ) — Qrpjra(z, )]

j=0
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Note that, by (2.6) and ({2.7)), we obtain, for any k € Z and = € X,
Qrtj(T,) = Qrj+1(w, ) € Frpjy1(x).

From this, we deduce that
i—1

(3.23) Qrf () = Qras f(x)| <D 6FH T g(a) < 6Fg(a).

Jj=0

We begin with the case p € (1,00). To this end, note that (3.23]) implies
that {Qkf — Qkrif }ien is a Cauchy sequence of LP(X). By the completeness
of LP(X), there exists an fi € LP(X') such that

Bm (Qrf — Qr+if) = fr
both in LP(X) and pointwise. Observe that, for any k, k' € Z, we have
fo= 1 (Qxf = Quyif) = Quf — Qu f + lim (Qu f = Qrtif)
=Qrf —Quwf+ fw

both in LP(X) and pointwise. Let f = Qof — fo. Then f €L (X) and,

for any k € Z, f Qrf — fr. On the other hand, as Qrf — f in (QO (B,7))
as k — oo, it follows that, for any 1) € QO (8,7),

(f. ) = | fl@)y (@) du(x)

{Qof(@) = lm [Quf(2) - Qif @) () du(x)

Qo (@) () du(x) — lim | [Qof(x) — Qif (x)]w(x) dps(x)
X
= lim 3 Qif(x)y(@) dp(z) = lim (Qif, ) = (f,4),

i—00

which completes the proof of the lemma in the case when p € (1, 00).

Next, we consider the case p € (w/(w+s),1]. For any z,y € X, let kg € Z
be such that 6*+! < d(z,y) < §%. Then, by Lemma and (3.23)), we
conclude that, for any k € Z with k > kg,

(3.24)  |Qxf(z) — Qrf(Y)| < [Qkf(z) — Qko (@)] + |Qko f (%) — Qi f (y)]
+ [Qro f(y) — Qrf(y)]
< 0M°lg(x) + 9(y)) < [d(,9)]lg(x) + 9(y)].

On the other hand, for any k € Z with k < ko,
Qi f () — Quf ()| = [d(x, y)1*67(f,6*[d(z, )] *[Qk(x, ) — Qk(y,")]).
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Note that, due to k < kg, we have d(z,y) < 6. From this and Lemma
we deduce that

O™ [, )~ [Qn(w, ) — Quly, )] € Fi(),
which implies that

Qrf(@) = Quf()| < ld(z, y)I*[9(x) + g(y)]-
Combining this and (3.24)), we conclude that, for any k € Z,

(3.25) Qrf(z) — Quf ()] < ld(z, )" [9(x) + g(y)]-
Moreover, as f € .AF;OO(X), we know that g € LP(X'). From this and (3.25),
we further infer that, for any k € Z,

Quf € N(2) and [ Qufllygenry  lollioca) ~ 1 FlLagy o
Using this and Corollary we find that, for any k € Z, there exists a
constant Cj, such that
Qrf—CreL’ (X) and ||Qkf_ck||LP*(X) S ||Qkf||Ms,p(X) S ”fHAF;,oo(X)'

From this and the weak compactness property of LP (X) (recall that p* > 1
in this case), we deduce that there exist a subsequence {Qg; f — C, }jen and

a function f € LP"(X) such that
f= jliglo[ijf — Cy,]

both weakly in LP"(X) and also in (ég(ﬁ,y))’. Moreover, by (3.23]), we find
that ijf - ij/f € LP(X) and [ijf - ij] - [ij/f - ij/] eLr (X) for
any j,j' € N, which further implies that Cj, = Ck,,. Since Qr;f — [ in
(GI(B,7)) as j — oo, we conclude that

f=1=Cr=limQyf—Cyl=F
in (gg(ﬁ, ~v))'. This finishes the proof of Lemma n

Proof of Theorem[3.10f We only prove (i); the proof of (ii) is similar. We
first show ‘ ‘
M, (X) C AF; (X).

To this end, fix a u € M;7Q(X) and recall that u is locally integrable on X
by Corollary [3.13] With this in mind, we consider five cases of p and gq.

CASE 1: p € (1,00) and ¢q € (1,00]. In this case, we only consider ¢ €
(1,00), because the proof for ¢ = oo is similar. Choose a {gx}rez € D*(u)

such that -
(3 o)™
k=—o0

< :
e(x) ~ Hu”Mﬁ,q(X)'
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Then, for any k € Z, x € X, and ¢ € Fi(x),

(u, 9)| = ‘ y) du(y ‘ = ‘ Y[u(y) — up(zem) du(y)

< SD7 2,y 0" |uly) — upsm)| duly)
X

Sd b July) = upen | du(y),

Jj=0 B(z,6k—7)

N

where D, (z,y; 6F) is as in (2.3)). Notice that, for any k € Z, j € Z,, and
reX,

b uy) — upgpml duly)
B(z,6k—7)

= b Juy) = upg sty + gty — Upgsn| du(y)
B(z,6k-79)

< b July) = upeon) du(y)
B(z,8k—7)

1
+ u(y) — up(p.sa-1y| du(y
T, L, 10 s | 40)

S b Ju) —upg sl du(y)
B(z,6k-79)

+ % [u(y) — up(zor—1y| dp(y)
B(z,0k—1)
J
S b uy) — upsen du(y).
i=0 B(z,0k—1)

Combining the above two inequalities, we obtain, for any k € Z,

(3.26) (u, d)] < ZWZ b luly) — upg - du(y)

i=0 B(z,6k—1)

~ZZ§” b luly) — upsi-s duty)

1=0 j=1 B(x,0k—1)

SY 6 b July) —up o) du(y).

B(z,0k—1)
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From this and Lemma (see also Remark , we get, for any k € Z,
k—i—1

(3.27) [(u, )] < D 67600 N V' wwduy)
i=0 j=k—i—3 B(z,6k—i~2)
ko k—j—1

Sabs N Y 50k gi(y) dy)

j=—00 i=k—j—3 B(x,0k—i—2)

k
S YT 50k gi(y) du(y)

J=—00 B(x,67-2)
k .
SRy a0 M (g)) ().

j==o0

By the Holder inequality and Lemma [3.9] we conclude that

||u”AFg,q(X) N {ki 5 ksa {5k7 Zk: 5*j(vfs)M(gj)}q}1/q’
—— o j=—o0

<[{ X o i 50 (g} |

Lr(X)

= . Lp(x)
S {j;w[M(gj)]q}l/q’ Lp(X) s H{j;mg?}l/q‘ Lp(X)

< .
~ HuHngq(X)’
which is the desired estimate in this case.

Case 2: p € (1,00) and ¢ € (w/(w + s),1]. In this case, choose a
{9k}kez € D*(u) as in Case 1. Recall that we may assume APl < 1.

Hence, combining ([3.26]) and Lemma [with p = w/(w +¢€) < 1], we find
that, for any fixed ¢,&’ € (0, s) with e < &/,

o 00
(3.28) |<u,¢>|525w5(k—i)e’ > §i(s=¢)

i=0 j=k—i—2
w+te
< bwEE )]
B(I,(Sk_i_l)
k—2 . w wte © .
LD DA (O 0] I DR
j=—00 i=k—j—2

+ 0" D0 FED M (g ()]
j=k—1

)] o i 5=
=0
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87 3 B[ (g8 F
j=—00
’ o . 7 _w we
68 T M ([gy()]FE)]
j=k—1

Choosing an ¢ € (0,s) such that -~ < —“— < ¢, and using (3.28), (3.1)
(with § = ¢), and Lemma [3.9] we C%Jﬁf:lude that

”uHAF;,q < H( Z 5 ksq{(sk“/ Z s [ ]w+s)] +e

+6%/].;6“8—5”[Mﬂgﬂw“eﬂ“w“}">”q\W)
S| 3 5o Z L 76 B
H{Zzwmn}\
SR Ry b W] T o W

< .
~ HUHM;q(;\f‘)'
This is the desired estimate in this case.

CASE 3:p € (w/(w+s),1] and g € (w/(w+s),00]. In this case, the proof
is similar to that in Case 2; the details are omitted.

CASE 4: p = o0 and ¢ € (1,00]. In this case, we only consider ¢ € (1, 00)
because the proof for ¢ = oo is similar. Choose a {gi }rez € D*(u) such that

s 1/q
(320)  swpsup{> § [g@ du(w)} " < Nl vy
kEZ xeX =k B(z,5%) 'q

From (3.27) and the Holder inequality, we infer that, for any | € Z and
re kX,

§ Zé "0 sup [(u, ¢)|9 du(z)

B(z,2A0C0d") k=l PEFK(2)

00 k
s f e Y a0 § g duty)] duz)

B(z,2A0Cp8t) k=l Jj=—00 B(z,61-2)
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0 k _ 1q
fooo a0 S0 g duty)| dulz)

<
B(JJ,QA()Coél) k=l j=—o0 _B(Z,(Sj72)
0 -1
i [ 19
S b Y0 ST a0l b gy duty)] dulz)
B(x,2A0Cpd") k=l j=—o00 - B(2,60-2) 4
I 19
D 25 -9 o) duty)|” du(z)
B(z,2A0Cp8t) k=l N B(2,61-2) -
= Y1+ Yo.

To estimate Yy, by the Holder inequality with exponent ¢ € (1,00), and
by (3.29), we find that, for any j € Z and z € X,

q
b ogw du(y)} < b lg@)dpy) S lullys 2y
B(za7?) B(z,872) !
From this, we further deduce that

00 -1
Viglhuliy o § 328070 30 670 S ulfy,
T B(a,240Co6t) k=l JR— .

To estimate Yo, note that, for any j € Z with j > [, z € B(x,2A0Co6"), and
y € B(z,07~2), we have

d(y, ) < Aold(y, 2) + d(z,x)] < Agd? ™2 4+ 243Cd"
< (Apd 4 242C0%)61 3 < 6173,
which further implies that
Y, < % Z(gkvsz5 J(v—s)
B(2,2A0Co6!) k=1
<[ s e du)] dutz)

B(2,61-2)

s ) 25'” ’ 25 O M (g1 g 5t-9)) (2)) dna(2)

(a: 2A0Codt) k=l

S Z b M (g1 50 5-9)(2)]  dp(2)

j=l B(a:,QA()Codl)

Z b g1 -9 (2)]9 du(2)

Jj=l B(x,240Coé")
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o

S b lm@I ) Sl

J=1-3 B(z,6!=3)
Combining the estimates of both Y; and Yo, we conclude that, for any [ € Z
and x € X,

§ Zé "0 sup [(u, ¢)|7du(z) < el s ey
Fil2) a(%)
B(x,2A0Co6!) k=l PEF(
which, together with Lemma iii), implies the desired estimate.

CASE 5: p=ocand ¢ € (w/(w+s), 1]. Inthis case, choose a{gi } ez €D*(u)
as in Case 4. Arguing asin (3.28)), we have, for any fixed €, &’ € (0, s) withe <¢’,

§ Zé "4 sup |(u, ¢)|% dp(z)

B(x,2A40Cod1) k=l PEFK(2)

ST S WA

B(z, ZA()C()(SZ) k=l

- (wte)g
Sosenf g ) dule)
j=k—i—2 B(z,6k—1-1)
0o k
~ % Zg—ksq Z §k=m)yq gme’q
B(x,2A0C08!) k=1 p—
o0 . (wtelg
x S0 del (g duy) ) 7 du(z)
j=m—2 B(z,6m—1)
< % i svm)(v=s)q gm(e'=7)q
B(z, 2Aocoal) m=—o0
. (wtelg
< S sl gl ) du)
Jj=m=2 B(z,6m~1)
l
< % Z slr=s)agm(e’=7)q
Bz, 2A00051) m=—o0
. (wte)g
< S s gl ) T du)
Jj=m=2 B(z,6m~1)

T 3 g,

B(2,2A0Cos!) m=I+1
=Y3+ Yy
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To estimate Y3, choosing an € € (0, s) such that w/(w+s) <w/(w+¢€) < g,
and using the Holder inequality and (3.29)), we find that, for any m € Z and
z € X,

(wte)q
| olowiF=dm} © < @l de) S lull,
B(z,6m—1) B(z,0m—1) =
which implies that
Y < [lull’, s Z gt sagm(E =) Z 516~ < Ju|2 3
5.0 Pl 5.0

To estimate Y4, we first observe that, for any m € Z with m > [ + 1,
z € B(x,240Cd"), and y € B(z,6™m1),

d(y, =) < Aold(y, 2) + d(z,2)] < Agd™* + 245Cod"
< (Apd + 243C0°)6' 72 < 6172,
which further implies that

Y4§ % Z (5m(5/,s)q Z 5j(sfs’)q
B(z,2A0Cp8t) m=i+1 j=m—2
w (wte)q
A8 O sy W du) ) T ducz)

B(z,6m~1)

S o]

< % Z gmle’ —s)q Z §i(s—¢")a
B(ZL‘,QAOco(Sl) m=I[+1 ]:m—?
(wte)q

< {M([gj1p@s2)]57)(2)} ©  du(2)
(wte)q

< b Y Mgippse)EE) ()} 2 dulz)

B(CE,QAocb&l) j=l-1

o0
<Y b M) Sl
j=1-2 B(z,0'~2) “
Combining the estimates of both Y3 and Yy, we conclude that, for any [ € Z
and z € X,

o

—ks A
% 25 q sup |<’LL, ¢>‘qdﬂ(2) 5 H’LLH .go,q(X)’

B(x,2A40Coo!) k=l PEFL(2)

which, together with Lemma (iii), implies the desired estimate in this
case.

Thus, we have M, (X) C AF] (X).
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We finally show AF;ﬂq(X) C M;q(X). Assume that f € AF;,(](X). By
Lemma [3.19 and its proof, we conclude that there exist a subsequence
{Qk; f}jen and a constant C' € R such that, for almost every z € A,
limj o0 Qk, f(x) = f(x) — C. For any k € Z and = € X, let

ge(z) =8 sup [(f,9)l.

PEF(x)

For almost all z,y € X and kg € Z satisfying §%+1 < d(x,y) < 6%, we find
a jo € N satisfying kg < kj, and we then estimate

@) = FO)] = 1£(@) = Qus, £ () + Qi () = Quy F 1)+ Qi F ) = F(0)
< 1Qu 10~ Quy S+ 3 (100, 12) — Q1 1)
QS (@) Qk.m)ﬂ] m
< 8501 (2) + gy D]+ 3 [0 (2) — QS (o)

k=ko

+1Quf () Qkf<x>|}

§2Z5ksgk )+ gk (y))-
k=ko

For any k € Z, define

hy =2 Z (5(7k+j71)sgj
=k

We then have, for almost all z,y € X with 6*T! < d(z,y) < &%,
[f(z) = fy)| < 225]3 [95(2) + 9;(y)] < 6D [hy () + h(y)]

< [d( z, y) [ () + ()],
which implies that {hk}kez € D*(f). Note that, by the Holder inequality
when ¢ € (1, oo] or when ¢ € (w/(w + 3), 1] we obtain

i hl < Z [25 —k+j-1)s } Z 25( k+j—1)sq/2 q< Z g],

k=—00 k=—oc0 j=k k=—o00 j=k j=—00

which implies that, for any given p € (w/(w+s),00) and ¢ € (w/(w+s), 0],

||fHngq(X) < H (go hz>1/q‘ LP(X) S H(Jiog?>l/q‘ Lp(X) ~ HfHAFp{q(X)




38 R. Alvarado et al.

When p = oo, by the Hélder inequality when ¢ € (1,00], or (3.1) when
q € (w/(w+s),1), we have, for any [ € Z,

o0 o0 oo q o0 o0
PSS D) DU ED D) DL Z%»
k=l k=l j=k k=l j=k
which implies that, for any z € X,

o

Sk ) duly Z b lgi ) du(y).

k=l B(x,s") j=l B(z,8")

From this, we deduce that || f]| ;. () S Nl Az (x)> Which completes the
00,q 0,9
proof of (i), and hence of Theorem .

Proof of Theorem [2.16 The theorem is a direct corollary of both Theo-
rems [3.3] and [3.10} we omit the details. m

4. Pointwise characterization of inhomogeneous Besov and Trie-
bel-Lizorkin spaces. In this section, we establish the inhomogeneous ver-
sion of Theorem Let us begin with the concept of inhomogeneous ap-
proximations of the identity with exponential decay (see |24, Definition 6.1]).

DEFINITION 4.1. Let n € (0,1) be as in Definition A sequence
{Qr}rez, of bounded linear integral operators on L?(X) is called an inho-
mogeneous approzimation of the identity with exponential decay (for short,
exp-IATI) if {Qr}rez, has the following properties:

(1) Dop2o @ =1 in L2(X);
(ii) for any k € N, Qy satisfies (ii) through (v) of Definition
(iii) Qo satisfies (ii), (iii), and (iv) of Definition 2.5 with k& = 0 but without
the decay factor
exp{—v[max {d(z, "), d(y, Y°)}]"};

moreover, for any x € X,

(4.1) | Qo(z,y) du(y) = 1= | Qo(y, z) du(y).
X X
REMARK 4.2. As was pointed out in |24, Remark 6.2], the existence of an
exp-IATI on X is guaranteed by the main results from [4]. In Definition
due to , we do not need diam X = oo to guarantee the existence of an
exp-IATI on X. In other words, diam X can be finite or infinite.

Based on the concept of exp-IATIs, He et al. established the following
inhomogeneous discrete Calderén reproducing formulae in [24, Theorems
6.10 and 6.13].
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LEMMA 4.3. Let {Qr}rez, be an exp-IATI and 3,7~ € (0,1) with n as in
Definition . For any k € Z4, a € A, and m € {1,...,N(k,a)}, suppose

that ygm 1s an arbitrary point in Qg’m. Then there exist an N € N and a

sequence {Qk}kez+ of bounded linear integral operators on L*(X) such that,

for any f € (GJ(B,7)),

N(0,c)

=3 > | Qolw) dumQT(f)

acAyg m=1 QO,m

+ZZ Z (Q5™)Qn (- yE™QET (1)

k=1acA;, m=1

+ Z > Z (QE™Qu( Y™ Qrf (yh™)

k=N+1acA;, m=1

in (GJ(B,7)), where, for any k € {0,...,N}, a € A, me {1,...,N(k,a)},
and x € X,

1
Q(IZ’,T(QC) = rkm) S Qr(y, ) du(y),
“ T QEm

and QZ:T(f) = (f, QZ’T> Moreover, for any k € Z., the kernel of Qy, still

denoted by Qy,, satisfies (13-2), (3.3), and the following integral condition: for
any r € X,

A A )1 ifke{0,...,N},
;S(Qk(x’y) Auly) _)S(Qk(y’x) dnly) = {0 ifke {N+1,N+2,..).

We now recall the concepts of inhomogeneous spaces B, ,(X) and F (&)
introduced in [48|. To this end, for any dyadic cube @ and any non-negative
measurable function f on X, let

1
mq(f) = M(Q)éﬂm du(y).

DEFINITION 4.4. Let 3,7 € (0,7) with 7 as in Definition and s €
(—=(BA7Y), BAY). Let {Qr}rez, be an exp-IATT and N € N as in Lemma

(i) If p € (p(s, B A7), 00] with p(s, B A) as in (L), and g € (0, 0], then
the inhomogeneous Besov space B, ,(X) is defined to be the set of all
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the f € (GJ(B,7)) such that
N(k,a)

s = {3 Y > @ imgen(@uip)”

k= OOéE.Ak m=1

PSS,

k=N+1

1/q

< 00

with the usual modifications when p = oo or ¢ = oo

(ii) If p € (p(s,BA7),00) and q € (p(s, B A7), 00], then the inhomogeneous
Triebel-Lizorkin space F; ,(X) is defined to be the set of all the f €
(G (B,7))" such that

0= {3 5 @i g}

k=0 ac A, m=1

(2 srqur)”

k=N+1

Lp(X)
< 00
with the usual modification when ¢ = oo

REMARK 4.5. (i) We point out that we do not need the assumption

p(X) = oo in Definitions and

(ii) It was proved in |48 Propositions 4.3 and 4.4| that, when 3,7, s, p,
and ¢ are as in Definition[4.4] the inhomogeneous Besov and Triebel-Lizorkin
spaces are independent of the choices of both the exp-IATIs and the spaces
of distributions.

We next recall the concepts of 1-exp-IATIs (see, for instance, |26, Defini-
tion 3.1]) and the local Hardy space h?(X) (see, for instance, |26, Section 3|).

DEFINITION 4.6. Let n € (0,1) be as in Definition A sequence
{Py}kez, of bounded linear integral operators on L?(X) is called an in-
homogeneous approximation of the identity with exponential decay and inte-
gration 1 (for short, 1-exp-IATI) if {Py}rez, has the following properties:

(i) for any k € Z,, Py satisfies both (ii) and (iii) of Definition but
without the term
exp{ —v[max {d(z, "), d(y, Y*)}]"};
(ii) for any k € Z4 and x € X,

S Py(z,y)du(y) =1 = S Pr(y, ) du(y);
X X
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(iii) if Qo := Py and Qp := P, — Pr_1 for any k € N, then {Qk}k€Z+ 1S an
exp-IATI.

DEFINITION 4.7. Let X be a space of homogeneous type. Let {Py}rez

be a 1-exp-IATI. The local radial maximal function ./\/lar(f) of f is defined

by setting, for any x € X,
N (ko)

MG (f)(2) ::max{ max {Z Z sup \Pkf(z)\lQi,m(m)},

el0- M SR I ek
sup |Puf(@)]
ke{N+1,N+2,..}
where N € N is as in Lemma . For any p € (0,00), the local Hardy space
hP(X) is defined by setting
WP(X) :={f € (G5(8,7) : [ fllnexy == Mg (Pl ey < 00}

REMARK 4.8. In |26, Theorem 3.3], it was shown that, when p € (1, o],
then hP(X) = LP(X). Also, in |48, Theorem 6.13], it was proved that,
when p € (1, 00), F£2 = LP(X). Moreover, the Littlewood—Paley g-function
characterization of AP(X) in |26, Theorem 5.7| implies that, for any given

P € (w/(w+mn), 1], Fa(X) = hP(X).

Now, we introduce the concepts of inhomogeneous Hajtasz—Sobolev spaces,
Hajtasz—Triebel-Lizorkin spaces, and Hajlasz—Besov spaces.

DEFINITION 4.9. Let s € (0,00).
(i) Let p € (0,00). The inhomogeneous Hagtasz—Sobolev space M*P(X) is
defined to be the set of all the measurable functions v on X such that
lllaresgey = lallurry + [l gen gy < -

(ii) Let p,q € (0,00]. The inhomogeneous Hajtasz—Triebel-Lizorkin space
M, ,(X) is defined to be the set of all the measurable functions u on X
such that

H“HM;L](X) 1= [|ullprx) + HUHM;(Z(;{) < 0.
(iii) Let p,q € (0,00]. The inhomogeneous Hajlasz—Besov space Ny ,(X) is
defined to be the set of all the measurable functions v on X such that
lullns ey = lull ey + HUHN;q(X) < 0.
The following statement is the inhomogeneous version of Theorem [2.16]

THEOREM 4.10. Let w and n be, respectively, as in (2.2) and Defini-

tion2.5], 8,7 € (0,m), s € (0, 3A7), and p,q be as in Definition[d.4 Assume
that p(X') = oo and the measure i of X has a weak lower bound Q) = w.
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(i) If p € (w/(w+s),00) and q € (w/(w+ ), 0], then M;’q(?() = inq(?().
(ii) Ifp € (w/(w+s),00] and q € (0,00], then N, (X) = B, (X).

To prove Theorem [£.10] we first establish a relation between local Hardy
spaces and inhomogeneous Besov and Triebel-Lizorkin spaces, whose RD-
space version was obtained in |60, Theorem 1.2]. We point out that the
proof of |60, Theorem 1.2] just depends on the size, the regularity, and the
cancellation conditions of the approximation of the identity (for short, ATI),
but does not involve the reverse doubling condition of the underlying space
and the bounded support of ATI. As a result, the proof of [60, Theorem 1.2]
is still valid in any space of homogeneous type due to Definition (V) and
Lemma [2.6] we omit the details.

THEOREM 4.11. Let 3,v € (0,n) withn as in Definition2.5], s € (0, BAY),
and p € (w/(w+s),00) with w as in (2.2)). Assume p(X) = oco. Let {Q}rez
be an exp-ATI.

(i) If g € (0,00], then f € By (X) if and only if f € hP(X) and

s /
Jp = [k_z 5_k8q||Qkaqu(X)]1 <

Moreover, ||f||B§ LX) 18 equivalent to || f|pe(xy + J1 with positive equiv-
alence constants independent of f.

(ii) If g € (w/(w+s),00], then f € F; (X) if and only if f € hP(X) and

Jo = H (k:ioo 5_k5q’Qkf!q> l/qHLp(X) < o0.

Moreover, HfHF;q(X) is equivalent to || f | e (xy + J2 with positive equiva-
lence constants independent of f.

REMARK 4.12. Usually, it makes no sense to write the conclusions of
Theorem[1.11]as By ,(X) = h?(X)N B} ,(X) and F},(X) = h(X) N 3, (X)
because homogeneous and inhomogeneous spaces are defined via different
kinds of spaces of distributions (see |60, Remark 1.1(iv)]).

Proof of Theorem [4.10. We only prove (i) because the proof of (ii) is
similar. We first show M, (X)) C F; (X). To this end, assume u € M, ,(X).

By Definition we know that v € AP(X) and u € Mz‘f’q(/l’). We then
consider two cases of p.

CASE 1: p € (1,00). In this case, since p € (1,00), from [26, Theo-

rem 3.3], it follows that u € LP(X’). Moreover, by Theorem we find that
u € F; (X). These, together with [48, Theorem 6.12], imply that u € F; (X)

and ||ullrs vy < llullas, (x)-
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CASE 2: p € (w/(w+s5),1]. In this case, by Theorem [2.16 we know that
u e F? (X) and ||ul| 2 < Jlullyss (4 Then, using Theorem 4.11{(ii), we
g B3 (x) ~ 1z (2

conclude that u € Fj (X) and [Jul[rs (x) S [[ullarg, x)-

Next, we show F (X) C M (X). To this end, assume that u € F; (X).
As above, we consider two cases of p.

CASE 1: p € (1,00). In this case, from [48, Theorem 6.12], it follows that
u € LP(X)NF,; (X) and

[ull g ) ~ Ml oy + Nl s 2y
By [26, Theorem 3.3] again, we conclude that u € hP(X) and ||lul[ppx) ~

L . , . i s
||| e (xy- Moreover, from Theorem we infer that v € M, (X) and
HUHMé,q(X) ~ HUHF;,Q(X)’ which further implies that u € M (X) and

lullags () S llullEs, x)-

CASE 2: p € (w/(w + s),1]. In this case, since u € Fj (X), from [48,
Proposition 4.4], it follows that v € (GJ(8,7))" with 8 and 7 as in Defi-
nition 4.4 As p € (w/(w + s),1], we know that s > w(1/p — 1). Choos-
ing a fp € (0,n) and a vy € (s,n) C (w[l/p — 1],n), we then find a
u € (G (Bo,%0)) € (G(Bo,0))- From this, Theorem ii), and |48
Proposition 3.15], we deduce that u € inq(X) and

lall g 2y ~ el oy + el g o

which implies that v € My (X) and [Jul[ars (x) S ull s, (x)-
This finishes the proof of (i), and hence of Theorem m n

REMARK 4.13. We point out that it is not clear whether or not Theo-
rem still holds true when p(X') # oo, because the existence of exp-ATIs

in Theorem needs p(X) = oo [see Remark [2.9[1)].
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